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SUMMARY
We report a closed-form expression of the voltage response of a current-excited fractance device. The
derived simple expression is made possible following the introduction of the generalized sine and cosine
functions (sin (t) and cos (t)), which are valid on any fractional-order surface and tend to the normal
sin(t) and cos(t) at  = 1 or asymptotically as t → ∞. Copyright 䉷 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Concepts of Fractional Calculus have been developed by mathematicians quite a long time ago [1].
In particular, the Riemann–Liouville definition of the fractional integral and fractional derivative
of a function f (t) are given by
 t
1
J  f (t) =
(t −)−1 f () d,  ∈ R+ , t>0
(1a)
() 0
d
f (t) = D  f (t) = D m (J m− f (t)),
dt 

m −1<m

(1b)

and the Laplace transform of the fractional derivative (left-inverse operator) is given by
L(D  f (t)) = s  F(s)−

m−1


D k J (m−) f (0+ )s m−1−k ,

m −1<m

(2)

k=0

More details on fractional calculus can be found in [2, 3].
On the other hand, an electrical impedance Z(s) is defined in the complex frequency domain
(s = j) as the ratio of the measured voltage to the applied current; i.e. Z(s) = V (s)/I (s). A
‘Fractance device’ is one whose impedance is proportional to s ± ; 0<<1 [4–6]. The three
special cases where  = 0, 1 or −1 correspond respectively to the three well-known elements the
resistor, the inductor and the capacitor although it was noted in [7] that accurate modelling of
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dielectric-based capacitors implies that their impedance should be given as Z c = 1/Cs  and <1.
Note that ( j ) =  ej/2 =  [cos(/2)+j sin(/2)] and hence the traditional 2D s-plane is
more generally a 3D cone of face angle /2 [8].
More importantly, impedance spectroscopy is a widely used technique in biochemistry and
biology as a means of characterizing the properties of plant and animal tissues [9–13]. This
technique is centred around exciting the tissue under consideration via an alternating current source
of suitable amplitude, while measuring the resulting developed voltage over a specified frequency
range of interest. Measurements are taken at steady state and the impedances of nearly all natural
tissues are found to be proportional to 1/s  ; where  varies from one tissue type to the other
[12]. This variation in  can also be used as a microbiological growth sensor [14]. From the
measured data, an impedance model for a tissue can be constructed that always contains one or
more fractance devices. Using these models, the behavior of a tissue impedance under current
stimulus can be found using time-domain numerical simulations techniques [15].
In this letter, we propose a closed-form expression for the voltage V (t) developed across a
fractance device excited by a current I (t). This expression accounts for the transient behavior and
the steady-state behavior can be found taking the limit of V (t) as t → ∞. The key to this closedform expression is the definition of the generalized trigonometric functions of order ; cos (t)
and sin (t) both of which tend to the normal trigonometric functions as t → ∞ or at  = 1. The
response of a fractance device to a triangle-wave current excitation in a closed-form is also given.
2. TRIGONOMETRIC FUNCTIONS OF ORDER 
The generalized exponential function of order (E t ) is defined as [1]
E t =

∞

k=0

t
ek−
=

t k−
k=0 (k −+1)
∞


(3)

where E t is also equal to the fractional derivative of order  of the exponential function et ; i.e.
E t = (d /dt  )(et ). On the other hand using Euler’s identity we can write
jt

E  = cos (t)+j sin (t)

(4)

where cos (t) and sin (t) are then the generalized cosine and sine functions of order . This allows
us now to define these two functions as
sin (t) =

∞

1 jt

−jt
t
(E  − E  ) =
ek−
 sin(k −)
2j
2
k=0

∞

1 jt

−jt
t
cos (t) = (E  + E  ) =
ek−
 cos(k −)
2
2
k=0

(5a)
(5b)

Note that setting  = 1 in (5a) for example leads to
  
 
∞ tk
∞ (−1)k t 2k+1

= sin(t)
sin k =
sin k
sin1 (t) =
2
2
k=0 k!
k=0 (2k +1)!
as expected. Therefore, the normal sin(t) and cos(t) functions are obtained from their generalized
fractional-order ones by setting  = 1. Figure 1(a) shows a 3D plot of the cos (t) versus t and .
The difference between the fractional and the normal cosine functions; i.e. cos (t)−cos1 (t), for
different values of , is plotted in Figure 1(b) from which it is also clear that as t → ∞, cos (t)
asymptotically tends to cos(t). The same applies for sin (t).
It is also important to highlight the following:
(1) The sum S1 = sin2 (t)+cos2 (t) = 1. However, S1 is always real and limt→∞ S1 = 1 as expected.
Figure 2 is a plot of S1 . Note that S1 = 1 only at  = 1 that corresponds to the classical
trigonometric identity sin2 (t)+cos2 (t) = 1.
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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Figure 1. (a) 3D plot of the fractional cosine function cos (t) and (b) plot of the difference cos (t)−cos(t).

Figure 2. Plot of sin2 (t)+cos2 (t) for different ’s.

(2) The function F1 = sin (2t) = 2 sin (t) cos (t). Also cos (2t) = cos2 (t)−sin2 (t). Figures 3(a)
and (b) clearly show that only at t → ∞ does the asymptotic value of sin (2t) tend to
2 sin(t) cos(t) and of cos (2t) tend to cos2 (t)−sin2 (t).
(3) The function F2 = sin (t) cos (t) is equal to C ·t k−2 . The value of C is as given in
Table I.

3. VOLTAGE RESPONSE OF A CURRENT-EXCITED FRACTANCE DEVICE
A fractance device (also known as the ‘constant phase element (CPE)’ [12, 14]) is an element
whose impedance is Z(j) = ks  , where  is of arbitrary positive or negative value.‡ Assuming a
sinusoidal current of the form I (t) = Io sin(t) is used to excite this impedance, then the voltage
developed across this device would be given by

  
  
V (t) = L −1 [ks  I (s)] = k D  (I (t)) = k Io  sin (t) cos
+cos (t) sin
(6)
2
2
where sin (t) and cos (t) are as defined respectively in Equation (5).
‡ When

 is restricted to being negative, the fractance device is also known as the ‘fractional capacitor’ [16].
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Figure 3. (a) Plot of cos (2t) for different ’s and (b) plot of sin (2t).
Table I. Values of C in F2 = sin (t) cos (t) = C ·t k−2 .
C = (−1)n+1 (sin )


n−1

1
1
i=0 (1+i−)(2n−+1−i) + 2((n−+1))2

1
C = (−1)n (cos ) ni=0 (1+i−)(2n−
+2−i)

if k = 2n
if k = 2n +1
if k = 2n and  = 0, 1, 2, . . .
if k = 2n +1 and  = 0, 1, 2, . . .



if k = 2n and  = 0.5, 1.5, 2.5, . . .
if k = 2n +1 and  = 0.5, 1.5, 2.5, . . .

C =0


22n
1
22n
note that ni=0 (1+i)(2n+2−i)
C = (−1)n (2n+1)!
= (2n+1)!
C = (−1)n

n





C =0

1
1
i=0 (0.5+i)(2n+1.5−i) + 2((n−1.5))2

Figure 4 is a 3D plot of V (t) in the V −−t space assuming  = 1 rad/s, k = 1 and Io = 1A.
The steady-state voltage across the fractance device is given by

 
Vss (t) = lim V (t) = k Io  sin t +
(7)
t→∞
2
which clearly shows a phase angle  = /2 between the exciting current and the measured voltage.
It is this angle that is of particular importance in impedance spectroscopy analysis since by
measuring ,  is directly obtained [9–14].
We may also obtain a closed-form expression for V (t) given other forms of exciting currents.
For example, if I (t) is a periodic triangle waveform with fundamental frequency o = 2/T (which
can be represented as a sum of harmonics), it can be shown that V (t) in this case is given by§
V (t) =

  
  
∞ (−1)n+1 
8 
((2n
−1)t)
cos
((2n
−1)t)
sin
sin
+cos


2 n=1 (2n −1)2−
2
2


∞ (−1)n+1
8 
 
∼
sin
(2n
−1)t
+
= 2
 n=1 (2n −1)2−
2

(8)

where sin (t) and cos (t) are as defined respectively in Equation (5). Figure 5 shows this
waveform of V (t) for different values of . Note that at  = 0, V (t) is also a triangle waveform
following I (t) while at  = 1, V (t) is a square-wave indicating that I (t) is order-one differentiated.
The V (t) waveform at half differentiation ( = 0.5) is seen to be somewhere in between.
§ Assuming

for simplicity k = 1.

Copyright 䉷 2011 John Wiley & Sons, Ltd.

Int. J. Circ. Theor. Appl. (2011)
DOI: 10.1002/cta

AN EXPRESSION FOR CURRENT-EXCITED FRACTANCE DEVICE

Figure 4. 3D plot of the voltage V (t) across a fractance device excited by a sinusoidal current.

Figure 5. V (t) across a fractance device for different ’s if I (t) is a triangle waveform
obtained from numerical integration of (8).

4. CONCLUSION
In this letter, we have shown that the expression for the voltage developed across a fractance
device due to a current excitation can be obtained in a closed form by explicitly using the defined
fractional trigonometric functions of order . Apart from the crucial application in bio-impedance
spectroscopy, it is important to note that circuits and systems that employ fractance devices (or the
more restricted fractional capacitors) are attracting attention due to their unique features. Among
these features are very accurate feedback controllers [17] as well as oscillators with very high
oscillation frequencies that are independent of any RC time constant [18, 19].
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