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Abstract: The authors report all the possible four-impedance settings that yield a valid second-order two-stage Colpitts oscillator.
These settings are obtained following an exhaustive search conducted on two possible structures of the oscillator modelled
through two-port network transmission parameters. Only valid second-order cases with a maximum of three reactive elements
are reported. Experimental and Spice veriﬁcation of a selected example using both MOS and BJT transistors is given.

1

Introduction

The two-stage Colpitts oscillator was reported in [1, 2] where
it was used for ultra-high-frequency (UHF) waveform
generation. Essentially, this two-stage Colpitts oscillator
employs two transistors conﬁgured in a cascade topology,
and hence inherits the high-frequency advantages of this
well-known ampliﬁer topology. Fig. 1 shows the structure
of this oscillator as proposed in [1, 2] when BJT transistors
are used. Four impedances are needed along side a biasing
current source IB and two biasing voltage sources VB1 and
VB2 ; one of these voltage sources is usually not necessary
and can be substituted with a direct connection to ground.
Corresponding to the structure in Fig. 1, the impedance
setting that has been reported in [1, 2] assumed Z1 , Z2 and
Z3 are capacitors of values C1 , C2 and C3 , respectively,
while Z4 is an inductor L with internal resistance R in
which case the ideal oscillation frequency was found to be

 2
C1 C2 + C2 C3 + C1 C3
R
v0 =
−
LC1 C2 C3
L

(1)

What is not clear and has not been demonstrated is the
following:
(i) Is this impedance setting necessary or can other settings
be used? And what would be the oscillation start-up
condition and oscillation frequency corresponding to each
case?
(ii) Can the structure in Fig. 1 be realised using MOS
transistors? Of course for UHF applications, the BJT has
superior performance but it is still important to have an
answer to this question particularly that a single-stage
Colpitts oscillator can be well designed using an MOS
transistor [3, 4].
(iii) Is the structure in Fig. 1 unique, not in terms of
impedance settings but in terms of transistor terminal
196
& The Institution of Engineering and Technology 2011

connections? More clearly, under AC conditions, the
biasing voltage VB1 and VB2 are both ground connected.
This implies that the two BJT transistors have their base
terminals at common ground. However, there may be
alternative valid structures where other terminals (e.g. the
emitter terminals) are connected to the common ground, as
was recently shown to be feasible for the one-transistor
Colpitts oscillator in [5]. Accordingly, in [5] the singlestage Colpitts oscillator has been classiﬁed into three
distinct classes (common-A, common-B and common-C)
depending on the location of the common ground.
In this work, we use two-port network transmission
parameters [5, 6] to model the two-stage Colpitts oscillator
of Fig. 1. A general characteristic equation independent of
whether the transistors used are BJT or MOS transistors is
derived and a Matlab code is then written to symbolically
ﬁnd all possible impedance settings that would yield a valid
oscillator under a set of constraints which subsequently
narrows the search space. Having realised that the two-port
network topology corresponding to Fig. 1 is a common-B/
common-B topology, we investigate the remaining
three possibilities and conﬁrm that only one alternative
topology; namely the common-B/common-A topology
can yield a number of valid oscillators. Experimental
and Spice simulation results are given for a selected
design case.

2

Common-B/Common-B structure

The two-stage Colpitts oscillator of Fig. 1 is redrawn in twoport network form as shown in Fig. 2a. Each two-port
network has three terminals labelled A, B and C which
correspond to the emitter, base and collector of a BJT
transistor (or the source, gate and drain of a MOS
transistor). As such, it is clear from Fig. 2a that this
structure is a common-B/common-B grounded structure.
The two networks can be described by the transmission
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matrices [6]
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where the terminal voltages (V11 , V12 , V21 , V22 ) and the
terminal currents (I11 , I12 , I21 , I22 ) follow standard two-port
notations (see Fig. 2a). It is possible to write the following
KCL equations at nodes C1 , C2 and A2
V21 V21 − V11
+
= 0;
Z1
Z4
Z
V22 − 2 V12 = 0
Z3

I21 +

I22 +

V22 V21
−
=0
Z2
Z1
(3)

which when used in conjunction with (2) while noting that
V11 = V12 − V22 enable the elimination of all variables and
hence one obtains the general characteristic equation

Fig. 1 Two-stage Colpitts oscillator circuit

a11 Z4 + a12 (1 + Z4 /Z1 )
Z2 + Z3
=−
Z1 (1 + (b11 /b12 )Z2 + (1/b12 )Z3 )
a12 + Z4
(4)
Interestingly (4) is independent of a21 , a22 , b21 and b22 .
As derived in [5], the transmission matrix for an ideal BJT
biased in the forward active mode and an ideal MOS
transistor biased in the saturation mode are given
respectively by
⎛
⎜0
⎜
⎝
0

⎞
1
gm ⎟
⎟
1 ⎠
−
b BJT

⎛

−

and

⎝0

⎞
1
gm ⎠
0
MOS

−

0

(5)

where gm is the small signal transconductance and b is the
forward active current gain (Recall that for a BJT transistor
in the forward active mode gm = IC /VT where IC is the DC
collector current and VT is the thermal voltage (≃26 mV).

For an MOS transistor in the saturation mode, gm = 2kID
where ID is the drain to source current and
k = mn,p Cox W /L; mn,p is the electron or hole mobility, Cox
is the gate oxide capacitance and W/L is the aspect ratio).
For b ≫ 1, it is clear that both the ideal BJT and ideal
MOS transistors are described by an identical transmission
matrix where the only design parameter is gm . This ideal
matrix is the starting point for the design process whereas at
a later stage, more sophisticated matrices, which take into
consideration the parasitic effects can be used to evaluate
the design performance in a robust and straightforward
manner [5]. Assuming b1  0 and substituting in (4) with
the parameters


Fig. 2 Two-port network representations of
a Common-B/common-B two-stage Colpitts oscillators
b Common-B/common-A two-stage Colpitts oscillators
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condition (Hopf bifurcation condition) and the oscillation
frequency expressions are both given for each case. It is of
course well-known that the oscillation start-up
condition obtained from linear analysis is necessary but
insufﬁcient as oscillators may actually latch-up and never
oscillate [7]. However, the non-linear treatment of any
oscillator conﬁguration is to be done on an individual basis
[8, 9]. Several observations are noted from Table 1;
in particular:

results in the simpliﬁed characteristic equation
Z1 + Z4 1 − gm1 Z4
=
Z2 + Z3 gm2 Z3 − 1

(7)

where gm1 and gm2 as the only design parameters.
A Matlab code was written in search for all possible
oscillators that can be obtained from (7). To reduce the
search space we have imposed the constraints that

1. Out of the nine cases that satisfy the constraints, ﬁve
represent RC oscillators and four represent LC ones. The
impedance setting reported in [1, 2] does not appear in the
table since it yields a third-order characteristic equation and
hence was eliminated from the Matlab search space. It may
have been chosen in [1, 2] in order to produce chaos, which
only appears in systems of order ≥3 [10].
2. There is only one truly second-order possible oscillator
(case 6) since it employs two capacitors. The rest of the

1. the resulting characteristic equation will only be of secondorder and
2. a maximum of three reactive elements (only one of which
maybe an inductor) and two resistors are to be used in any
valid circuit
After taking into consideration the DC biasing constraints
(see Fig. 1), only nine valid cases were found and are
summarised in Table 1 where the oscillation start-up
Table 1

1

All possible cases for the common-B/common-B structure

Z1

Z2

Z3

C1

C2 R3 + L

Start-up condition

R4

gm2
gm1 + gm2
+
=1
(R3 + R4 )/R3 R4 C1 (R3 + R4 )/L
gm =

gm =

R3

1 + (C3 /C2 ) + (C3 /C1 )
(2 + (C3 /C2 ) + (C3 R3 /C1 R4 ))R4

R+L

R2

C3

R4

7 R + L C2

8

9

R1

R3 + R
2RR3 + (L/C2 )

gm1 =gm2

(gm1 + gm2 )R4 = 1 +

gm2 =

C1
C3

C3 (R + R4 )
L


C3
R C3
+ 1+ 1
C2
R4 C4

R4C4

gm2 R1 = 1 +

R+L



C
R +R
1 + 3 gm1 + gm2 = 1
L/C3
C2
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=

1 − (gm (C1 R4 + C2 R3 )/C1 + C2 )
Ceff C3 R3 R4

gm1 =gm2

gm1 =gm2

gm2
=
C1 C3 [R3 R4 (gm1 + gm2 ) − R3 − R4 ]
gm /(2gm Reff − 1)
C1 C3 (R3 + R4 )

gm1 =gm2


L
R +R
g + gm2 = 3
C2 RR3 m1
R3 R

gm =

6

gm1 =gm2

gm1 =gm2

C1 (1 − gm1 R4 ) + C2 (1 − gm2 R3 )
=
C1 C2 C4 R3 R4

(R3 + R4 )/(R3 R4 ) + ((C1 + C2 )/(C1 C2 ))(C4 /R3 )
2 + (C4 /C1 )

1+

1 1 − (gm (C1 R4 + C2 R3 )/C1 + C2 )
LCeff
1 − 2gm R4

C1 (1 − gm1 R4 ) + C2 (1 − gm2 R3 )
C1 C2 C3 R3 R4



C
R + R4 C1 + C2 C4
R4C4 gm1 + 1 + 4 gm2 = 3
+
C1
R3 R4
C1 C2 R3
gm =

5

gm1 =gm2

(R3 + R4 /R3 R4 ) + ((C1 + C2 )/(C1 C2 ))(C3 /R4 )
2 + (C3 /C2 )

gm =

4

=





C
C R
1 + (C3 /C2 ) + (C3 /C1 )
1 + 3 gm1 + 1 + 3 3 gm2 =
R4
C2
C1 R4

R3 + C3

3

R3 + R4
2R3 R4 + (L/C1 )

C1 (1 − gm1 R4 ) + C2 (1 − gm2 R3 )
C1 C2 L[1 − (gm1 + gm2 )R4 ]



C
R + R4 C1 + C2 C3
1 + 3 gm1 + gm2 = 3
+
C2
R3 R4
C1 C2 R4

R3C3

2

v2o ¼

Z4

gm1 =gm2

1 − (gm (C1 R4 + C2 R3 )/(C1 + C2 )
Ceff C4 R3 R4

gm1 =gm2

C1 (1 − gm1 R) + C2 (1 − gm2 R3 )
=
C1 C2 L[1 − (gm1 + gm2 )R3 ]
1 1 − (gm (C1 R + C2 R3 )/(C1 + C2 ))
LCeff
1 − 2gm R3

gm1 =gm2

gm2
C1 C3 [(gm1 R4 − 1)R2 − R4 ]
(C2 + C3 )(1 − gm1 R4 ) − gm2 (R4 + R)C2
C2 C3 L
(1 − gm1 R4 )(1 + (C3 /C2 )) − gm2 (R1 + R4 )
C3 C4 R1 R4
(1 − gm1 R)(C2 + C3 ) − gm2 (R1 + R)C2
C2 C3 L
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cases are de-generating second-order systems which employ
three reactive elements and under non-linear analysis will
remain third-order. From the expression of vo
corresponding to case 6, it is seen that it is necessary for
the condition 1 + gm2 R2 , C1 R2 /C3 R4 to hold.
3. In cases 2, 4 and 9, tuning of vo without affecting the startup condition is not possible. Hence, these structures are not
attractive. In the remaining cases, there is always one
independent parameter which can be used for tuning. For
example, in case 1 while vo depends on C2 the start-up
condition does not.
4. The ﬁrst ﬁve cases in Table 1 have Z1,2 as capacitors. With
reference to Fig. 1, this implies that under DC conditions, the
currents I1 and I2 are equal. For BJT transistors this
automatically means that gm1 = gm2 . The same is true for
MOS transistors if the two transistors have equal aspect
ratios. The simpliﬁed expressions that are obtained in this
case are given within Table 1 after deﬁning
Ceff = C1 C2 /(C1 + C2 ) and Reff = R3 R4 /(R3 + R4 ). A
design example of case 5 is given in Section 4.
5. Cases 7 and 8 are attractive since the start-up condition of
both depends only on gm2 while vo depends on gm1 . This
implies that electronic tuning of the oscillation frequency
can be achieved through gm1 .

3

which is independent of a21 , a22 but depends on all four
parameters b11  b22 of transistor Q2 ; that is the one
connected in a common-A conﬁguration. Substituting with
(6) in (9) yields the simpliﬁed characteristic equation
Z1 + Z4 1 − gm1 Z4
=
Z2 + Z3 1 + gm2 Z2

(10)

that is valid for ideal MOS and BJT transistors. Notice that
(10) is different from (7).
A Matlab code was written to obtain all valid oscillators
using (10) while maintaining the same constraints
mentioned above. Taking into consideration the DC biasing
requirements, only three possible circuits were found and
are given in Table 2. It is noted from Table 2 that there are
two LC and only one RC oscillators and that all structures
are de-generating second-order systems. In addition, the

Common-B/Common-A structure

A novel alternative two-port network structure is shown in
Fig. 2b. The structure represents a common-B/common-A
structure because of the location of the common ground of
the two transistors. It is possible to write the following
KCL equations at nodes C1 , B2 and C2
I21 +

V21 V21 − V11
+
= 0;
Z1
Z4

I12 +

V12 − V22 V21
−
=0
Z3
Z1

V22 V22 − V12
+
+ I22 = 0
Z2
Z3

(8)

which when used with (2) and noting that V12 = −V11 yield
the general characteristic equation


Z
a
1 + 1 + 11 Z1
Z4 a12
+

1

2

3

1 b22
+
Z3 b12

(b21 − (b11 b22 /b12 ) − (1/Z3 ))(Z3 + b12 )
b12 (1 + (Z3 /Z2 )) + b11 Z3
=−

Table 2





1
1
+
a12 Z4

(9)

Fig. 3 Implemented oscillator corresponding to case 5 of Table 1
with Z3 ¼ R3 ¼ 0

All possible cases for the common-B/common-A structure

Z1

Z2

Z3

Z4

C1

R+L

C3

R4

R2

R+L

R4C4

v2o ¼

Start-up condition


L
R + R4
gm2 1 +
− gm1 =
C1 RR4
RR4

gm1 1 +

C1 [gm2 (R4 + (L/C1 R)) + (R4 /R)] − C3 (1 + gm2 R)
LC1 C3 [gm2 (2R4 + (L/C1 R)) + (R4 /R)]


L
R + R2
− gm2 =
C3 RR2
RR2

C1 (1 − gm1 R) − C3 (1 + gm2 R2 )
LC1 C3 [1 − (gm1 + gm2 )R2 ]



C
R + R4
C
gm1 − gm2 1 + 4 = 2
+ 4
C1
R2 R4
C1 R2
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C1 (1 − gm1 R4 ) − C3 (1 + gm2 R2 )
C1 C3 C4 R2 R4
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start-up condition and oscillation frequency can be
independently tuned in all cases.
We have also investigated the remaining two-stage Colpitts
structures; that is, the common-A/common-A and the
common-A/common-B topologies and found that both of
them cannot yield any valid oscillators.

4

Design example

We choose to demonstrate a design example representing
case 5 in Table 1. Recalling the design equations in the
table and selecting R3 = 0 and C1 = C2 = C, results in the
start-up condition gm = RC/L
and the oscillation
frequency


Selecting
vo = ((2 − gm R)/LC) = (2/LC) − (R/L)2 .
R ¼ 1 kV, L ¼ 1 mH and C ¼ 100 pF implies a start-up
gm = 0.1 mA/V with fo ≃ 693 kHz. Fig. 3 shows the
implemented circuit using BJT transistors including the DC
biasing circuitry composed of VB , RB and the bypass
capacitor Cbp . Two BC107 transistors and a power supply
Vcc = 5 V were used. Cbp was set equal to 10 mF, RB was
ﬁxed as 1 MV and VB was kept variable. At VB = 0.65 V,
oscillations started with a measured oscillation frequency of

fm = 600.9 KHz and a measured DC collector current of
15 mA which corresponds to gm ≃ 0.58 mA/V slightly
higher than the theoretical start-up value. The measured
waveform across C2 is shown in Fig. 4a. As VB was
increased, so did the amplitude of the sinusoid, as shown in
Fig. 4b for VB = 0.75 V (gm ≃ 1.7 mA/V), with a slight
improvement in the oscillation frequency (fm = 609 kHz)
towards its theoretical value. Oscillations could still be
observed up till VB ≃ 2 V.
Note that our design choice of R3 = 0 effectively implies
that the oscillator of Fig. 3 is also a common-B/common-A
oscillator; albeit with three impedances instead of four as
compared to the structure in Fig. 2b. This means that the
bypass capacitor Cbp may well be removed from the circuit.
We have veriﬁed this option and the observed waveform in
this case at VB = 0.75 V is shown in Fig. 4c where
fm = 669.5 kHz is much closer to the theoretical value. The
corresponding power spectrum is given in Fig. 4d.
However, the maximum value of VB until which
oscillations were observed was approximately 1 V and the
oscillation amplitude does not exceed 200 mVp−p . Of
course, only through non-linear modelling can the
oscillation amplitude be accurately predicted [8, 9].

Fig. 4 Experimental waveforms of the voltage across C2 for the oscillator in Fig. 3 at
a
b
c
d

VB ≃ 0.65 V
VB ≃ 0.75 V
VB ≃ 0.75 V with Cbp removed
Corresponding power spectrum

200

& The Institution of Engineering and Technology 2011

IET Circuits Devices Syst., 2011, Vol. 5, Iss. 3, pp. 196 –202
doi: 10.1049/iet-cds.2010.0201

www.ietdl.org
We have also veriﬁed the functionality of same structure
using BS170 NMOS transistors, as shown in Fig. 5a.
Owing to the high threshold voltage of this MOS transistor
(VTH ≃ 2 V), a power supply Vcc = 10 V was used. Fixing
VB = 5 V, RB = 10 kV, C1 = C2 = 100 pF and L ¼ 200 mH
oscillations started at R ¼ 120 V, corresponding to a bias
current IDS1,2 = 25.5 mA. The observed waveform across C2
is shown in Fig. 5b. It is of course evident that better
performance can only be achieved on the integrated circuit

Fig. 5 Design example of
a MOS-based implementation of case 5 in Table 1 at R3 ¼ 0
b Observed waveform across C2 (L ¼ 200 mH, R ¼ 120 V)
Note that the biasing point was VDS1 ¼ 6.56 V, VGS1 ¼ 2.62 V,
VDS2 ¼ VGS2 ¼ 2.5 V

Fig. 6 Spice simulation results for the oscillator in Fig. 5a using
0.25 mm CMOS parameters
a Voltage across C2 and current in M2
b Corresponding spectrum

Fig. 7 Oscillator designed to oscillate beyond the resonance frequency
a Circuit structure
b Spice simulation results using 0.25 mm CMOS parameters at IB ¼ 160 mA of the voltage waveforms at the drains of M1 and M2 , respectively
c Corresponding spectrum
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level. The same oscillator shown in Fig. 5a was simulated in
Spice using a BSIM 0.25 mm CMOS technology model with
Vcc = 2.5 V, VB = 1.5 V, RB = 10 kV, C1 = C2 = 1 pF and
L ¼ 0.5 mH. Here, R was ﬁxed as 25 V and the transistor
aspect ratios (W /L)1,2 were used to start-up oscillations
maintaining that (W /L)1 = (W /L)2 . Fig. 6a shows the
observed waveforms at W /L = 2.5 mm/1 mm. The
corresponding DC current was IDS1,2 = 28.75 mA and the
power spectrum, shown in Fig. 6b, indicates an oscillation
frequency of 316 MHz close enough to the theoretical value
of 318.3 MHz with a measured THD of 1.95%.
Referring back to the expression of vo in Table 1-case 5, it
can be seen that there is a possibility of extending the
oscillation
 frequency beyond the resonance value given by
1/ LCeff . In particular, it is seen that v2o = (1/LCeff )((1 −
0.5gm (R + R3 ))/(1 − 2gm R3 )) for C1 = C2 . Therefore by
properly selecting gm R3 without changing the values of L,
C1 or C2 , the oscillation frequency can be made much
higher. Fig. 7a shows a design example where R3 is kept in
the circuit, unlike the oscillator of Fig. 5a. Figs. 7b and c
show the Spice simulation results for the same values
corresponding to Fig. 6; that is, C1 = C2 = 1 pF,
L ¼ 0.5 mH, R ¼ 25 V and Vcc = 2.5 V while R3 was
selected as 100 kV and (W /L)1,2 = 5 mm/1 mm. Oscillations
started at a bias current IB = 150 mA and it is seen from
Fig. 7c that the oscillation frequency is 1.347 GHz which is
approximately four times higher than the resonance
frequency of 318 MHz since gm R3 ≃ 0.48.

5

Conclusion

In this work we have derived the general characteristic
equations for two classes of the two-stage Colpitts oscillator
as a function of the two-port network transmission
parameters. All different valid possibilities that yield a
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second-order oscillator with a maximum of three capacitors,
or two capacitors and one inductor were found and a
selected case was veriﬁed experimentally using discrete
BJT and MOS transistors as well as by using a Spice BSIM
0.25 mm technology ﬁle. The Colpitts oscillator and its
various derivatives continue to be signiﬁcantly important
circuit building blocks [11, 12].
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